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In the theory of dilute magnetic impurities in superconductors, the effect of all impurity spin-components is expressed
via a single magnetic scattering rate Γm. In a more realistic setting, magnetic impurities are anisotropic. In this case,
the spatial randomness of three spin-components of impurities gives rise to generally different scattering rates Γi (i =
1,2,3). We explore the effects of anisotropic magnetic impurities on the in-plane critical field in 2D superconductors.
We discuss singlet, triplet and parity-mixed order parameters allowed in systems without the inversion center. Also,
the addition of a small amount of magnetic impurities may cause singlet to triplet crossovers. In all cases, different
components of impurity spin affect the magnetic field – temperature phase diagram differently. We show that anisotropy
of the magnetic impurities can serve as a probe of unconventional triplet or parity-mixed superconductivity.
I. INTRODUCTION
The study of the effect of non-magnetic and magnetic im-
purities on superconductors has been of great importance, as
it made the distinction between isotropic and anisotropic su-
perconductivity possible1,2. Non-magnetic (scalar) impurities
do not affect the isotropic singlet s-wave order-parameter. In
stark contrast, a magnetic scattering is very efficient in de-
stroying s-wave superconductivity. The non-magnetic and
magnetic impurities are equally detrimental to the critical
temperature Tc of isotropic and anisotropic superconducting
states3–5 as summarized in Table I.
The studies of magnetic impurities in superconductors date
back to BCS theory6. The traditional theories consider the
magnetic exchange interaction σ · S between the spin of the
conduction electrons σ and impurity spins S1,7–10. When
the impurities are dilute their spins are randomly oriented
and uncorrelated11. An averaging procedure over all mag-
netic impurity sites yields a single magnetic scattering rate
Γm ∼ S2 = S(S+ 1), where S is the total impurity spin12. In
this case, all Si (i = 1,2,3) components contribute equally to
Γm, S2i = S
2/3. Within this model of magnetic impurities the
gapless superconductivity has been discussed13,14.
The above models ignore the orientation anisotropy of the
moments of magnetic impurities. We argue that such an
anisotropy is potentially relevant to the 2D superconductors
that are of a current research interest15–22. The magnetic im-
purities located at or near the interface between a 2D super-
conductor and adjacent monolayers are often anisotropic due
to the reduced spatial symmetry23. If the spin of such an im-
purity, tend to point e.g. out of plane, the contribution of the
out of plane spin-component to the scattering dominates the
contribution of the in-plane components.
Recently, superconducting devices were fabricated
by exfoliating one- to few- layers of transition metal
dichalcogenides24. These systems often lack an inversion
center. This implies that the electronic bands are split by
spin-orbit coupling (SOC) which is an odd function of the
a)Electronic mail: d.mockli@gmail.com
electron momentum and hence, anisotropic. Besides, the lack
of an inversion symmetry leads to a parity mixed supercon-
ductivity with coexisting parity-even singlet and parity-odd
triplet order parameters25–27. These 2D superconductors
are essentially spin anisotropic and it is in this situation the
out-of-plane and in-plane spin-components of impurities play
a distinct role.
The superconductivity in 2D materials based on transition
metal dichalcogenides with horizontal mirror symmetry, re-
ferred to as Ising superconductors withstand in-plane mag-
netic fields far beyond Pauli limit28–30. Such a large field
introduces a significant in-plane spin anisotropy. We demon-
strate that this makes the two in-plane spin-components of im-
purities to be inequivalent in the way they affect the supercon-
ductivity.
To study the effect of the anisotropy of impurity spins we
assume for clarity that different impurity spin-components are
statistically independent. In result, the total scattering rate due
to magnetic impurities is Γm = Γ1 +Γ2 +Γ3, where Γi ∝ S2i
originates from the spatial randomness of i-th spin-component
of impurities. We study the effect of the magnetic impurity
anisotropy by considering the scattering rates Γi as indepen-
dent parameters. In materials where σ · S is the only spin-
dependent interaction, the magnetic anisotropy of impurity
spins is inconsequential. In this case the total scattering rate
Γm characterizes the effectiveness of the magnetic impurities
in suppressing the superconductivity, see Table I. We demon-
strate that in the presence of SOC and in-plane magnetic field
makes all three spin-components of magnetic impurities dis-
tinct.
Recently, the authors demonstrated that the combined ac-
tion of an in-plane magnetic field and Ising-type SOC converts
isotropic singlet s-wave Cooper pairs to equal-spin triplet
pairs31,32. It is then natural to ask, if time-reversal symme-
try breaking by a magnetic field can cause singlet to triplet
conversion, could magnetic impurities also cause conversion?
We demonstrate that although each impurity contribute a lo-
cal exchange field, on average the effect of such local field
cancels out in the absence of a total net spin-polarization of
magnetic impurities, see Sec. VII for further details.
The paper is organized as follows. In Sec. II, we intro-
duce our model Hamiltonian. In Sec. III A, we assume that
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2TABLE I. Summary of the effects of non-magnetic and magnetic
impurities on isotropic (singlet) and anisotropic (singlet or triplet)
superconducting states. α is the pair-breaking parameter that informs
how strongly Tc is suppressed. The scalar (magnetic) scattering rate
is denoted by Γ0 (Γm).
Order-parameter Condition Non-magnetic Magnetic
Isotropic (singlet) ∑k∆(k) = const. α = 0 α = 2Γm
Anisotropic ∑k∆(k) = 0 α = Γ0 +Γm α = Γ0 +Γm
the Fermi energy is the largest energy scale and develop the
quasi-classical theory of the superconducting state. We obtain
the Eilenberger equation that includes the effects of arbitrary
spin-fields and impurities. Next, in Sec. III B we specialize
to the case with Ising-SOC and an in-plane Zeeman field and
obtain the corresponding Eilenberger equation that describes
the superconducting transition. In Sec. IV we address the
case when there is pairing only in the singlet channel. We
obtain the transition lines in the magnetic field–temperature
phase diagram for both isotropic (s-wave, d-wave, etc...) and
anisotropic (d-wave, h-wave, etc...) order-parameters. In Sec.
V we address the case when there is pairing in the triplet
channels only and discuss the role of the Cooper pair spin-
polarization. In Sec. VI, we consider the case when the sin-
glet s-wave pairing channel is dominant, but a sub-dominant
triplet channel exists. Then, the increase of magnetic impuri-
ties can drive a crossover from a pure singlet to a pure triplet
state. In Sec. VII we analyze the case when singlet and triplet
order-parameters coexist. The joint presence of SOC and Zee-
man fields selects a specific triplet component to couple to the
s-wave singlet. We discuss how the impurities affect this cou-
pling. In Sec. VIII, we explain our results in the context of
the current literature and conclude. In Appendix A we derive
the impurity self-energy in the self-consistent Born approxi-
mation.
II. THE MODEL
We employ a coordinate system such that the 2D supercon-
ductor lies in the xy-plane. The Hamiltonian of a generic dis-
ordered non-centrosymmetric superconductor in the presence
of a magnetic Zeeman field is33
H =∑
k,s
ξ (k)c†kscks+ ∑
k,ss′
(γ(k)−B) ·σss′c†kscks′
+
1
2 ∑k,k′∑{si}
V s1s2s′1s′2
(
k,k′
)
c†ks1c
†
−ks2c−k′s′2ck′s′1
+
1
2 ∑k,k′∑ss′
Uss′(k−k′)c†ksck′s′ . (1)
Here, ξ (k) = ξ (−k) is the symmetric part of the normal state
dispersion counted from the chemical potential. The vector of
Pauli matrices is denoted by σ = (σ1,σ2,σ3) with subscripts
denoting the spatial directions (x,y,z). The anti-symmetric
part γ(k) = −γ(−k) is the spin-orbit coupling (SOC) that
arises in crystals lacking an inversion center. We indicate
the Fermi surface average of the SOC as 〈|γ(k)|2〉FS = ∆2.
Here, the magnetic field B absorbs the prefactor gµB/2 with
the g-factor and the Bohr magneton, and has dimension of en-
ergy. The Zeeman field breaks the time-reversal symmetry
of the Hamiltonian. The superconducting pairing interaction
V s1s2s′1s′2
(k,k′) includes all the pairing channels allowed by crys-
tal symmetry.
We consider scalar and magnetic impurities distributed
randomly and independently in the system. The potential
produced by a scalar and magnetic impurities are given by
U0(k−k′)δss′ and J(k−k′)S ·σss′ , respectively. We assume
that the spins of magnetic impurities at different sites are un-
correlated. Furthermore, we consider the distribution of im-
purities’ spins and the distribution of their spatial location as
statistically independent. This allows us to reduce the aver-
aging over the magnetic impurities to averaging over the spin
orientations and averaging over the spatial locations done in-
dependently.
III. THE EILENBERGER EQUATION
A. General theory
We use the Pauli-matrices {ρi} (plus identity ρ0) to gener-
ate Nambu-space, and {σi} for spin-space. After a mean-field
decoupling of the superconducting term in the Hamiltonian
(1), we write the Hamiltonian in 4×4 matrix form in the ba-
sis defined by the Kronecker product ρi⊗σ j (ρiσ j for short)8.
The matrix of the impurity part is5,8,11
Uˆ(k−k′) =U0(k−k′)ρ3σ0+ J(k−k′)S ·α, (2)
where, for brevity, we have combined the contributions of the
statistically independent scalar and magnetic impurity poten-
tials, and α = (ρ3σ1,ρ0σ2,ρ3σ3). For simplicity we con-
sider a short range scattering impurity potential such that the
scattering amplitudes in Eq. (2) are momentum independent,
U0(k−k′) =U0 and J(k−k′) = J. In what follows, we keep
track of the impurity spin components S= (S1,S2,S3) explic-
itly, which will allow us to identify special effects associated
to specific components Si.
Assuming that the Fermi energy EF is the largest energy
scale, we derive the quasi-classical theory for the Hamiltonian
in Eq. (1). We follow the same notations and definitions as
in Ref.32. The central quantity in the quasi-classical theory
is the normalized 4×4 propagator that depends on the Fermi
momentum k= kF and the Matsubara frequencies ωn = (2n+
1)piT
gˆ(k,ωn) =
[
g(k,ωn) −i f (k,ωn)
−i f ∗(−k,ωn) −g∗(−k,ωn)
]
, (3)
where g(k;ωn) = g0(k;ωn)σ0 + g(k;ωn) ·σ and f (k;ωn) =
[ f0(k;ωn)σ0+ f(k;ωn) ·σ)] iσ2. The propagator is found by
solving the commutator Eilenberger equation[(
iωnρ0σ0− Σˆ(ωn)− Sˆ(k)−Vˆ (k)
)
ρ3σ0, gˆ(k;ωn)
]
= 0,
(4)
3together with the normalization condition gˆ2(k;ωn) = ρ0σ0.
The impurity self-energy Σˆ(ωn) is obtained within the self-
consistent Born approximation (see Appendix A for details)
and has the components Σˆ= Σˆ0+ Σˆ1+ Σˆ2+ Σˆ3 defined by
Σˆ0(ωn) =−iΓ0ρ0σ0〈gˆ(k;ωn)〉FSρ3σ0; (5)
Σˆ1(ωn) =−iΓ1ρ0σ1〈gˆ(k;ωn)〉FSρ3σ1; (6)
Σˆ2(ωn) =−iΓ2ρ3σ2〈gˆ(k;ωn)〉FSρ0σ2; (7)
Σˆ3(ωn) =−iΓ3ρ0σ3〈gˆ(k;ωn)〉FSρ3σ3. (8)
The scalar impurity scattering rate is Γ0 = pin0N0U20 , where n0
is the number of scalar impurities, N0 is the density of states
per spin at the Fermi level. The magnetic scattering rate com-
ponents are Γi = pinmN0J2S2i , where nm is the number of mag-
netic impurities. For isotropic distribution of impurities’ spins
we have Γ1 = Γ2 = Γ3 = Γm/3 with Γm = pinmN0J2S(S+1),
where S is the total impurity spin. When the distribution of the
spins of impurities is isotropic, we have Γ1 = Γ2 = Γ3 = Γm/3
with Γm = pinmN0J2S(S+ 1). In the more generic situation
considered here, the scattering rates Γi can be different. The
spin-fields enter Eq. (4) through the matrix
Sˆ(k) =
[
(γ(k)−B) ·σ 02×2
02×2 (γ(k)+B) ·σT,
]
(9)
and the superconducting order-parameters enters Eq. (4)
through the matrix
Vˆ (k) =
[
02×2 ∆(k)
∆†(k) 02×2
]
, (10)
where ∆(k) = [ψ(k)σ0+d(k) ·σ] iσ234–37. The Pauli prin-
ciple enforces the function ψ(k) parametrizing Cooper spin-
singlets to be even, and the d-vector d(k) parametrizing
Cooper spin-triplets to be odd. The diagonal elements of ∆(k)
describes the S= 1 triplets, and the off-diagonal elements con-
tain the S= 0 singlets and triplets. These order-parameters are
related to the anomalous propagators { f0, f} through the self-
consistency condition given by32
di(k) log
T
Tc
+piT
∞
∑
n=−∞
[
di(k)
|ωn| − dˆi(k)
〈
dˆi(k′) fi(k′;ωn)
〉
FS
]
= 0, (11)
where dˆi(k) is a basis function of the corresponding order-
parameter di(k) that belongs to a specific irreducible represen-
tation of the crystal point group, and Tc is the superconduct-
ing transition temperature of the pairing channel. The same
self-consistency condition holds for ψ(k) with basis func-
tion ψˆ(k). In Eq. (11) the basis functions are normalized,
〈dˆ2i (k)〉FS = 〈ψˆ2(k)〉FS = 1, where 〈. . .〉FS stands for the an-
gular averaging over the directions of kˆ,
∫ 2pi
0
dϕk
2pi (. . .).
To obtain the pair-breaking equation that describes the su-
perconducting transition T (B), we solve the linearized Eilen-
berger equation for the superconducting propagators { f0, f},
substitute the solutions into the self-consistency conditions
(11), and perform the summation over the Matsubara frequen-
cies. The result of this summation contains all the information
on how the superconducting order-parameters are affected by
the spin-fields and impurities. Eq. (11) can then be written in
the form log(T/Tc)+S = 0, where S is a Matsubara sum.
In simple special cases, such as when the order parameter is
purely singlet/triplet and in the absence of one of the spin-
fields, the Matsubara sum can be performed analytically and
the pair-breaking equation adopts the form38
log
T
Tc
+Reψ
(
1
2
+
α
2piT
)
−ψ
(
1
2
)
= 0, (12)
where α is a generic pair-breaking parameter that can be a
combination of scattering rates and spin-fields, ψ(z) is the
digamma function and T is the new α-affected critical tem-
perature. We plot the contour of Eq. (12) in Fig. 1. In
the absence of spin-fields, only magnetic impurities are pair-
breakers in isotropic singlet superconductors with α = 2Γm.
In anisotropic singlet superconductors, both scalar and mag-
netic impurities are equally pair-breaking with α = Γ0 +Γm.
Since isotropic singlets suffer twice as much from magnetic
impurities than anisotropic singlets, the effect of magnetic im-
purities can give indications of isotropy/anisotropy of the su-
perconducting state. In triplet superconductors α = Γ0 +Γm,
which is the same as in anisotropic singlet superconductors.
This changes in the presence of SOC and Zeeman field.
B. The case of Ising superconductivity
Up to now, the discussion applies generically to non-
centrosymmetric superconductors with an arbitrary direction
of the spin-fields. A case of special interest is the one when the
magnetic field is in-plane, such that orbital depairing effects
can be neglected. Moreover, if the SOC is out-of-plane, its ac-
tion on the Cooper pair spins makes them more robust against
paramagnetic depairing by an in-plane magnetic field. A sim-
ilar situation with γ(k) ⊥ B in a 2D superconductor can also
be realized when γ(k) is restricted to the plane, such as heli-
cal Rashba SOC, and B applied perpendicularly to the plane.
In this case, the orbital depairing mechanism is expected to
play a dominant role. In what follows, we specialize to the
Ising-SOC with an in-plane Zeeman field. In fact, an Ising su-
perconductor is the simplest non-centrosymmetric supercon-
ductor because it only has one SOC component (0,0,γ3(k))
as opposed to Rashba (or more complicated SOCs) which has
two components (γ1(k),γ2(k),0). Therefore, without loss of
generality for the Ising case, we henceforth set B = (B,0,0)
and γ(k) = (0,0,γ(k)).
To study the superconducting transition, we linearize the
Eilenberger equation (4) and write it in matrix form as ω˜n −iB 0 0−iB ω˜n γ(k) 00 −γ(k) ω˜n 0
0 0 0 ω˜n

 f0(k;ωn)f1(k;ωn)f2(k;ωn)
f3(k;ωn)
= s

ψ˜(k;ωn)
d˜1(k;ωn)
d˜2(k;ωn)
d˜3(k;ωn)
 ,
(13)
4FIG. 1. Contour plot of the pair-breaking equation (12) showing
the suppression of the superconducting critical temperature T/Tc for
different pair-breaking parameters α . The blue curve shows the case
for a purely imaginary pair-breaking parameter, which is typically
the case for spin-fields (magnetic field and SOC). The green and the
red curves show the case for a purely real parameter, which is typi-
cally the case for impurities.
where s = sgn(ωn) and the impurity rescaled quantities are
defined by
ω˜n = ωn+ s(Γ0+Γm) ; (14)
ψ˜(k;ωn) = ψ(k)+(Γ0−Γm)〈 f0(k;ωn)〉FS; (15)
d˜i(k;ωn) = di(k)+Γ′i〈 fi(k;ωn)〉FS, (16)
with
Γ′0 = Γ0−Γ1−Γ2−Γ3; (17)
Γ′1 = Γ0−Γ1+Γ2+Γ3; (18)
Γ′2 = Γ0+Γ1−Γ2+Γ3; (19)
Γ′3 = Γ0+Γ1+Γ2−Γ3. (20)
Here, Γm = Γ1+Γ2+Γ3 while we are not making an assump-
tion of the components Γi being equal. We also introduce the
notation Γ= Γ0+Γm.
In the following sections we present the results for solv-
ing special cases of our master equation (13). We consider
the purely singlet, purely triplet, and the general singlet-triplet
mixed cases. We also discuss the possibility of magnetic im-
purity induced crossovers from leading isotropic singlet states
to sub-leading anisotropic states.
IV. SINGLET SUPERCONDUCTORS
We examine two cases for the momentum structure ψ(k) of
the singlet order-parameters. Case (A): the order-parameter
is isotropic (s-wave) ψ(k) = ψ0, where ψ0 is a constant (the
basis function ψˆ(k) = 1). Case (B): the order-parameter is
anisotropic with 〈ψ(k)〉FS = 0 and the basis function ψˆ(k) is
even. Below we analyze these cases.
A. Isotropic order parameter
We set di(k) = 0 in Eq. (13) and using γ(k) = ∆sgn[γ(k)]
for simplicity, the pair-breaking equation for ψ0 reads
log(T/Tc)+Ss = 0 with
Ss = piT
∞
∑
n=−∞
[
1
|ωn| (21)
− |ω˜n|(|ωn|+2Γ1)+∆
2
|ω˜n|B2+(|ωn|+2Γm) [|ω˜n|(|ωn|+2Γ1)+∆2]
]
.
In the absence of the Zeeman field B, the pair-breaking equa-
tion reduces to Eq. (12) with α = 2Γm; see the red curve
in Fig. 1. In this case, all magnetic components of Γi
(i = 1,2,3) are equally detrimental to superconductivity. In
the low temperature limit, superconductivity is obliterated for
α/Tc = pi/(2eγ)≈ 0.88, where γ ≈ 0.58 is the Euler constant.
The constant γ always appears in the exponent and should not
cause any confusion with SOC.
1. Inversion symmetric case, ∆= 0
In Fig. 2a we show the case with inversion-symmetry, for
which ∆= 0. The clean (gray) curve is described by the imag-
inary pair-breaking parameter α = iB. By setting ∆ = 0 in
Eq. (21), one can see that superconductivity remains indif-
ferent to scalar impurities. All the magnetic components act
as pair-breakers, but in different ways. The magnetic impu-
rities Γ1 that are parallel to the Zeeman field have a weaker
effect than the magnetic impurities with perpendicular com-
ponents Γ2(3). To show this we first plot the case when the
magnetic impurity directions are randomly oriented, such that
Γ1 = Γ2 = Γ3 = Γm/3; see the green curve in Fig. 2a. If we
now consider anisotropic magnetic impurities with all impu-
rity spins Γ1 parallel to the Zeeman field B, the critical field at
low temperatures is higher; see the blue curve. Similarly, for
spin impurities Γ2(3) aligned only perpendicularly to the Zee-
man field, suppression is maximized; see the red curve. These
perpendicular spin impurities add a new direction of depair-
ing, making them more detrimental.
2. The case of no inversion symmetry, ∆ 6= 0
In Fig. 2b we show the case without inversion-symmetry by
adding ∆ = Tc. The SOC enhances the critical field because
it counteracts the Zeeman field. In contrast to the case with
inversion, non-magnetic impurities Γ0 now suppress the crit-
ical field (black curve), because they undo the enhancement
caused by SOC32. The larger the SOC, the harder it becomes
to distinguish the different effects of the spin impurity com-
ponents Γi.
B. Anisotropic order parameter
The Matsubara sum for the case with ψ(k) is
5FIG. 2. The effect of magnetic and non-magnetic impurities on purely isotropic (s-wave) singlet superconductors. The magnetic impurity
component Γ1 that is parallel to the magnetic field has a weaker effect than the perpendicular components Γ2(3). The different effects of Γi
(i= 1,2,3) become less relevant for larger values of SOC. For the green curved we used Γ1 = Γ2 = Γ3 = Γm/3.
Ss = piT
∞
∑
n=−∞
[
1
|ωn| −
ω˜2n +∆2
|ω˜n|(ω˜2n +B2+∆2)
]
. (22)
The sum can be performed exactly, but we choose to main-
tain it in this simple form for discussion purposes. In con-
trast to the case of isotropic singlet order parameter, now any
type of impurity is equally detrimental to superconductivity.
In the absence of the Zeeman field, the pair-breaking equation
reduces to Eq. (12) with α = Γ0 +Γm. Anisotropic order-
parameters have an intrinsic phase structure, which makes
the dephasing by magnetic impurities less effective as com-
pared to isotropic order-parameters. In Fig. 3(a,b) we show
the effect of arbitrary impurities Γ on the transition line with
inversion symmetry (∆ = 0) and without inversion symme-
try (∆ = Tc), respectively. Throughout the paper, we use Γ
without a subscript if the nature of the impurities is unim-
portant. In Fig. 3c we compare the transition lines of an
isotropic singlet order-parameterψ0 (orange) to an anisotropic
order-parameter ψ(k) for an equal amount of magnetic im-
purities Γm. Isotropic superconductivity is obliterated for
Γm/Tc ≈ 0.44 and anisotropic for Γm/Tc ≈ 0.88.
V. TRIPLET SUPERCONDUCTORS
In triplet superconductors, the order-parameter is the three
component vector d(k) = (d1(k),d2(k),d3(k)). We set
ψ(k) = 0 in the linearized Eilenberger equation (13), which
together with the self-consistency condition (11) yields the
pair-breaking equations for the d-vector components di(k)
(i = 1,2,3), which read log(T/Tc)+Sti = 0, with the sums
given by
St1 = piT
∞
∑
n=−∞
[
1
|ωn| (23)
− |ω˜n|(|ωn|+2Γ2)
(|ωn|+2Γ2)B2+ |ω˜n| [|ω˜n|(|ωn|+2Γ2)+∆2]
]
;
FIG. 3. The effect of impurities on purely anisotropic singlet (d-
wave, h-wave, etc...) superconductors. Magnetic and non-magnetic
impurities have the same effect, which is indicated by a generic scat-
tering rate Γ. In (c) we compare the effect of a magnetic scattering
rate Γm on an isotropic singlet (orange) and anisotropic singlet (pur-
ple) state assuming that both of their clean Tc is the same.
St2 = piT
∞
∑
n=−∞
[
1
|ωn| (24)
− (|ωn|+2Γ1)(|ωn|+2Γm)+B
2
|ω˜n|B2+(|ωn|+2Γm) [|ω˜n|(|ωn|+2Γ1)+∆2]
]
;
St3 = piT
∞
∑
n=−∞
[
1
|ωn| −
1
|ω˜n|
]
, (α = Γ0+Γm). (25)
6For simplicity, we assume that the Tc’s for all triplet compo-
nents are the same.
A. Analysis of the results
Let us analyze these results in detail. First, note that in
the absence of spin-fields (B = ∆ = 0), the d-vector compo-
nents are indistinguishable (St1 =St2 =St3), and the pair-
breaking parameter is α = Γ0+Γm, which is the same for the
anisotropic singlet case. For finite spin-fields, the d3 compo-
nent is parallel to SOC and perpendicular to the Zeeman field,
such that it remains unaffected by them. Only impurities sup-
press the d3 component. It is then reasonable to expect that
in the presence of spin-fields the d3 may become a dominate
superconducting channel.
To discuss how the spin-fields affect the in-plane d-vector
components, let us consider the effect of SOC and the Zeeman
field separately. In Fig. 4a we show the situation with time-
reversal symmetry (B= 0), but finite SOC. Eqs. (23) and (24)
assume the form
S B→0t1(2) = piT
∞
∑
n=−∞
[
1
|ωn| −
|ωn|+2Γ2(1)
|ω˜n|(|ωn|+2Γ2(1))+∆2
]
. (26)
The presence of SOC gives a preferred spin-structure to
Cooper pairs and makes the di components inequivalent in
how they respond to the impurity components Γi. In the clean
case, d1(2) is suppressed by SOC with α = i∆; see black curve
in Fig.4a. With magnetic impurities, the Γ1(2) component has
a weaker effect on d2(1) than Γ1(2) on d1(2); compare red and
green curves in Fig. 4a.
In Fig. 4b we consider only the Zeeman field (∆ = 0),
and we obtain the pair-breaking parameters α = {iB+Γ0 +
Γm,Γ0+Γm,Γ0+Γm} for {d1,d2,d3}, respectively. Whereas
the Zeeman field suppresses the parallel d1 component, it has
no effect on the perpendicular components d2,3.
We show the case with both SOC and Zeeman field in Fig.
4c. The d1 component that points along the Zeeman field is
the only one suppressed by it. It is also suppressed by SOC,
such that even in the clean case the transition temperature for
d1 channel T/Tc < 1. We draw special attention to the behav-
ior of d2. The joint presence of SOC and the Zeeman field
favors the d2 component. An increasing magnetic field min-
imizes the suppression caused by SOC; see how the green
curves asymptotically approach the vertical red lines in Fig.
4c.
B. Polarization of the triplets
A more intuitive understanding can be gained by interpret-
ing the effects of the impurity components in terms of the
Cooper pair spin polarization. The momentum dependent
spin-polarization of a Cooper pair is defined as the expecta-
tion value34
P(k) =
1
2
tr
[
∆†(k)σ∆(k)
]
=ψ(k)d∗(k)+ψ∗(k)d(k)+ id(k)×d∗(k). (27)
Since ψ(k) is even and d(k) is odd, only q = id(k)×d∗(k)
potentially contributes to the total polarization averaged over
the Fermi surface 〈P(k)〉FS. For the present pure triplet sit-
uation, ψ(k) = 0. We now provide a heuristic motivation
for the phases of (d1,d2,d3) to derive the polarization P =
(P1,P2,P3), which can also be obtained more rigorously31.
Since SOC respects time-reversal, and the Zeeman field is
in-plane, it is reasonable to expect P3 = 0. This imposes
d1d∗2 = d2d
∗
1 , such that both d1 and d2 are either purely real or
purely imaginary. We know that d2 is promoted by B, see nu-
merator in (24), and is expected to break time-reversal. There-
fore, we choose d1(2)(k) = iη1(2)dˆ(k) to be imaginary, where
η1(2) are real coefficients and dˆ(k) are basis functions as in
Eq. (11). The d3 components can be chosen to be real, such
that d3(k) = η3dˆ(k). With this, we obtain the total polariza-
tion
〈P(k)〉FS = 2η3(−η2,η1,0), (28)
where we used 〈dˆ2(k)〉FS = 1. This tells us that d1(2) is re-
sponsible for a Cooper pair spin polarization along y (x).
Now we present an intuitive picture of these results. We
argue that in a in triplet superconductor, a finite Cooper pair
spin polarization can explain why different spin-components
of impurities have a distinct effect on superconductivity. Re-
call that in the case of isotropic singlet order parameter, Eq.
(21), the impurity spin-component parallel to the applied mag-
netic field has a weaker effect on the critical field, compared to
the perpendicular components. In a similar way, in the triplet
superconductor with the Cooper pairs with a net polarization
along a specific direction suffer less from the magnetic im-
purity component Γi that is parallel to that direction. From
Eq. (28), we see that d2 is responsible for a Cooper pair po-
larization along x, such that, according to Eq. (26), the Γ1(2)
component has a weaker (stronger) effect. Similarly, Γ1(2) has
a stronger (weaker) effect on d1 that is responsible for polar-
ization along y. This can be summarized as follows: the Γi
component that is parallel to a net-field (either magnetic field
or Cooper pair polarization) has a weaker effect.
VI. CROSSOVER FROM SINGLET TO TRIPLET
SUPERCONDUCTIVITY BY MAGNETIC IMPURITIES
In this section, we consider a leading isotropic singlet (s-
wave) channel with superconducting critical temperature Tcs,
and a sub-leading triplet channel with corresponding critical
temperature Tct < Tcs. The discussion applies to both the cases
with and without inversion. For the arguments of this section,
the effects of specific Γi components is less relevant, such that
we set Γ1 = Γ2 = Γ3 = Γm/3. Let us say that both singlet
and triplet channels belong to the same crystal symmetry ir-
reducible representation, such as ψ0 and d3 of the previous
7FIG. 4. The effect of impurities on purely triplet (p-wave, f -wave,
etc...) superconductors. (a) The suppression of the critical temper-
ature T/Tc as a function of x, where x is a combination of an im-
purity scattering rate with SOC. The black curve shows how SOC
is detrimental to the in-plane d-vector components and is described
by α = i∆. The blue curve shows how any impurities suppress the
d-vector components in the absence of spin-fields. The green and
red curves show how the in-plane Γi affects the in-plane d-vectors
components. Suppression is maximum (red curve) when Γi is per-
pendicular to the Cooper pair polarization, and weaker (green) when
Γi is parallel to the pair polarization. (b) The effect of impurities
in the presence of the magnetic field without SOC. The components
d2(3) that are perpendicular to the Zeeman field remain unaffected by
it and only suffer from impurities. The d1 component that is paral-
lel to the field suffers from both paramagnetic limiting and the im-
purities. (c) The effect of magnetic impurities when both the SOC
and Zeeman fields are present. Here the value of SOC is fixed to
∆/Tc = 0.77, such that the components d1(2) that are perpendicular
to SOC are suppressed by SOC even at B = 0 (see (a)). The order
of increasing robustness to the impurities in the purely triplet case
is: d1,d2,d3. In particular, d2 (green) displays a peculiar behavior
at high magnetic fields. The green curves asymptotically approach
the red curves for high magnetic fields. The Zeeman field undoes the
suppression caused by SOC.
sections. We also learned from the previous section that d3
dominates over d1 and d2 in the presence of spin-fields, so it
is reasonable to concentrate on d3.
The singlet transition temperature Tcs suffers more from
magnetic impurities Γm than the triplet transition temperature
Tct, see Fig. 1. With Tcs > Tct, it is then possible to observe a
magnetic impurity induced crossover from a singlet to a triplet
state. The precise value of Tct/Tcs is an issue of pairing mecha-
nism physics. Sub-leading triplet instabilities are present even
in conventional pairing mechanisms39. It is then natural to ask
the guiding question of this section: what is the minimum ra-
tio of Tct/Tcs to observe such a singlet to triplet crossover?
A. No magnetic field
At B = 0, a crossover occurs if Tct/Tcs > 1/2. This result
can be analytically obtained by combining two pair-breaking
equations of the form in Eq. (12), one for the singlets and
another for the triplets. This is illustrated in Fig. 5a. In the
clean case, the singlet (blue) curve starts from a critical tem-
perature T/Tcs = 1, and is obliterated for Γm/Tcs ≈ 0.44. The
triplet (red) curve starts from T/Tcs = 0.75 and is obliterated
for Γm/Tcs ≈ 0.66. The blue region shows a purely singlet ψ0
state and the red region shows a purely triplet d3(k) state. The
precise crossover boundaries inside the phase diagram would
depend on a treatment beyond linearization. The red-dashed
curve shows the case with Tct/Tcs = 1/2.
B. With magnetic field
In Fig. 5b we show the case at finite magnetic fields for a
fixed value of magnetic impurities Γm/Tcs = 0.1. The value
of the ratio is set to Tct/Tcs = 0.3, such that no crossover at
zero field is possible. Because of the magnetic impurities,
the effective singlet (triplet) transition temperatures T ∗cs (T ∗ct)
start at lower values. Since the d3 triplets remain unaffected
by spin-fields, it will always be the leading instability at high
magnetic fields below T ∗ct .
VII. SINGLET-TRIPLET CONVERSION BY SPIN-FIELDS
In the previous sections, the superconducting order-
parameter was either a pure singlet or a pure triplet. In this
section, we address the the general situation with coexisting
order-parameters {ψ(k),d(k)}. To do this, we study the gen-
eral solution of the Eilenberger equation (13).
A coupling between singlet and triplet order-parameters can
originate from mainly two reasons: (i) The densities of states
of the spin-split bands are different27,29,40. This would lead
to a coupling of ψ0 and d3(k), which belongs to the same
irreducible representation. Here, we neglect the possible dif-
ference of the densities of states, such that d3(k) remains de-
coupled. This information is already built into the Eilenberger
equation (13); (ii) The joint action of SOC and magnetic field
component that are perpendicular to each other. This can be
8FIG. 5. Magnetic impurity induced crossover from a leading isotropic singlet ψ0 (s-wave) to a sub-leading anisotropic triplet state d3(k)
(p-wave, f -wave, etc...). (a) Possible crossovers at zero magnetic field. At zero magnetic field, a crossover happens for Tct/Tcs > 1/2 (see red-
dashed curve). (b) At finite magnetic field, the d3 triplets are always favorable below T ∗ct , for field above the blue curve. The value ∆/Tcs = 0.5
is only used for illustration purposes.
seen from the matrix structure of the linearized Eilenberger
equation (13). The presence of both spin-fields will select the
d2(k) triplets to couple to the ψ0 singlets. We have pointed
this out in our previous works, and we refer to Refs.31,32 for
more details. Here, we focus on the effect of magnetic impu-
rities.
The structure of the matrix in Eq. (13) reveals how the
spin-fields couple the propagator components { f0, f} and con-
sequently the order-parameters {ψ(k),d(k)}. The role of the
Zeeman field B is to couple the singlet pairing correlations
(propagators) to the triplet pairing correlations. Yet, the role
of Ising-SOC is to couple the in-plane triplet correlations f1
and f2. The f3 triplet correlations remain unaffected by the
spin-fields because they are parallel to Ising-SOC and perpen-
dicular to the Zeeman field.
We now assume an isotropic singlet state ψ(k) = ψ0,
solve Eq. (13) for {ψ0,d(k)}, which together with the self-
consistency condition for the order-parameters (11) results in
three sub-systems: {{ψ0,d2(k)},{d1(k)},{d3(k)}}. The so-
lutions for d1(3) are the same as in Eqs. (23) and (25), respec-
tively. The sub-system {ψ0,d2(k)} is coupled by the joint
presence of SOC and the Zeeman field, and the pair-breaking
equation is given by the characteristic equation
det
[
ln TTcs +Ss Ss,t2
Ss,t2 ln TTct +St2
]
= 0, (29)
withSs defined in Eq. (21),St2 in Eq. (24), and
Ss,t2 =
∞
∑
n=−∞
(piT )B∆
|ω˜n|B2+(|ωn|+2Γm) [|ω˜n|(|ωn|+2Γ1)+∆2] .
(30)
Eq. (30) is what couples d2(k) to ψ0. It is only possible for
B∆ 6= 0.
The singlet to triplet coupling is impossible between an
anisotropic singlet ψ(k) and d2(k). The reason is that the
product of basis function involving an anisotropic singlet state
〈ψˆ(k)dˆ2(k)〉FS vanishes. Another way to interpret this is
that while a finite B∆ can re-phase isotropic singlets ψ0 into
triplets, it necessarily de-phases anisotropic singlet Cooper
FIG. 6. Effect of impurity components on the {ψ0,d2(k)}-coupled
superconducting state. The triplet components d1(3) are already
obliterated for Γ/Tcs = 0.2 and are thus not shown in the figure. The
clean (gray) curve diverges at T = 0.2Tcs = Tct.
pairs. This can also be understood in terms of a spin-rotation
argument, which is discussed in Ref.31.
Since time-reversal symmetry breaking by the magnetic
field (together with SOC) couples the ψ0 singlet to the d2
triplet order-parameter, it is natural to ask whether time-
reversal symmetry breaking by magnetic impurities could also
lead to such a coupling? From the structure of the matrix in
Eq. (13) and Eq. (30) the answer is clearly: no. All impu-
rities rescale the diagonal quantities in the matrix, such that
no coupling is possible. It is also clear that since the scat-
tering rates only appear in the denominator of Eq. (30), the
impurities suppress the coupling. While a magnetic field can
re-phase Cooper pairs, randomly oriented impurities always
lead to de-phasing.
In Fig. 6 we plot some contours of the pair-breaking equa-
tion (29) for the parity-mixed state {ψ0,d2(k)}. For illustra-
tion purposes, we used the fixed value Tct/Tcs = 0.2. The di-
vergent behavior of the clean (gray) curve reflects this value.
For any scattering rate Γ/Tcs > pi/(2eγ)(Tct/Tcs) ≈ 0.18, the
d1(3) triplets would already be obliterated and are not shown
in Fig. 6. For illustration, we use a relatively small value for
∆/Tcs = 0.27, such that the differences in the effects of Γi are
9still visible. The important messages of Fig. 6 are that now
the d2 triplets acquire the same robustness to impurities as the
ψ0 singlets; and that magnetic impurities are destructive to the
singlet-triplet coupling.
VIII. DISCUSSION AND CONCLUSION
We now discuss the results in the context of the literature.
As examples, we comment on monolayer TMDs, supercon-
ducting thin films, heavy-fermion triplet superconductors and
then conclude.
In this work, we explored ways in which the magnetic im-
purities can serve as a tool for probing unconventional su-
perconductivity. The 2D superconductors which are of great
technological and theoretical significance are anisotropic in
the response to the in- and out-of-plane magnetic field.
Also, in systems without inversion symmetry, the SOC is
anisotropic in momentum. We studied how superconductivity
in the presence of the Zeeman field and SOC can be probed by
magnetic impurities that are randomly oriented and distributed
across the system. We demonstrate that the anisotropies in the
distribution of the impurity spin orientation can be used as a
tool to study the momentum texture of specific properties of
the order parameter and its evolution with the Zeeman field.
In the absence of spin-fields such as the SOC and the Zee-
man field, the effect of the scalar and magnetic impurities
on the singlet superconductivity is well known. The effect
of a dilute concentration of magnetic impurities in triplet and
parity-mixed superconductors remains largely unexplored. To
our knowledge, the few efforts are limited to Refs.41–43. Here
we take into account the SOC, Zeeman field and the possible
anisotropy of the superconducting order parameter.
As a specific example, we focused on the 2D Ising super-
conductors. We have addressed several relevant aspects of
these systems in Refs.31,32,44, with special emphasis on mono-
layer transition metal dichalcogenides (TMDs). For complete-
ness, we now comment on specifics for TMDs. The crystal
point group of the hexagonal family of monolayer TMDs is
D3h lacking the inversion element. In the present context, the
group has three relevant pairing channels31: an even s-wave
A′1 channel with basis function ψˆ(k) = 1, an odd f -wave A
′
1
channel with basis function γˆ(k)zˆ, and an i f -wave E ′′ channel
with basis functions {γˆ(k)xˆ, γˆ(k)yˆ}, where γˆ(k) is the same
basis function used for Ising-SOC. Therefore, the supercon-
ducting state in monolayer TMDs is generically denoted by
an s+ f + i f state, where the s refers to ψ0, f to d3, and i f
to {d1,d2}. According to the discussion in Sec. VII, a small
amount of impurities of any kind Γ f = pi/(2eγ)Tct obliterates
the f -wave, such that we are left with the s+ i f (ψ0 +d2(k))
state. The s+ i f state is obliterated by magnetic impurities
Γm = pi/(2eγ)Tcs > Γ f . Nonetheless, the s+ i f state cannot
be obliterated by scalar impurities Γ0. In monolayer TMDs,
the SOC energy scale is larger than Tc, such that the different
effects of Γi are most likely insignificant.
In conventional BCS superconducting thin films, the in-
plane paramagnetic critical field is of the order of a few
Teslas45,46. Figure 2a shows that at low temperatures, the dif-
ference of the effects of Γ1 and Γ2(3) should be of easy ac-
cess to magnetometers. Perhaps a greater challenge is to pre-
pare/find thin films that have magnetic impurities with pre-
ferred orientations. Ordered magnetic impurities have been
reported in superfluid 3He aerogels; see Ref.47 and Refs.
therein. It is less clear if such situations could be produced
(artificially or naturally) in singlet superconductors. The situ-
ation in Fig. 2b could occur in Ising systems such as thin Pb
films grown on a silicon substrate48. The difference in the or-
dered magnetic impurity effects is better seen for smaller val-
ues of SOC. In anisotropic singlet superconductors (Fig. 3),
these effects are expected to be irrelevant, since the transition
lines are affected equally by any kind of impurities.
To see these effects in triplet superconductors might be
more challenging. To this date, to our knowledge, the only
consensual triplet superconductors (besides superfluid 3He)
are the Uranium based ferromagnets49–51. Their critical tem-
perature is usually below a Kelvin (and sometimes high pres-
sures are needed), which makes impurity effects significantly
harder to observe.
We addressed singlet, triplet, impurity induced crossovers
from pure singlet to purely triplet, and the parity-mixed cases.
In singlet superconductors, the magnetic impurities that are
parallel to the in-plane magnetic field (the direction of polar-
ization) have a weaker effect than the perpendicular impuri-
ties. In the triplet case, the in-plane components d1(2) are the
ones that SOC suppresses. For these in-plane components,
Γ1(2) has a weaker effect on d2(1). The d1(2) components are
responsible for a Cooper pair polarization in the y (x) direc-
tions. Thus, a similar rule to the singlet situation applies: the
impurity component Γi that is parallel to the direction of po-
larization has a weaker effect. In the parity-mixed case, the
joint action of SOC and in-plane magnetic field selects the
triplet component that is polarized along B, namely d2, to cou-
ple to ψ0. We discussed the effect of different magnetic im-
purity components on the superconducting transition curves
for systems with and without inversion. For the case without
inversion, we specialized to the Ising-SOC type. However,
these effects are general and can be generalized to other types
of SOC. We argue that the anisotropy of the spin orientation
of magnetic impurities can serve as a tool for manipulation,
control, and characterization of superconducting states of both
definite and mixed parity.
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Appendix A: Derivation of the expressions for the impurity
self-energy
In this appendix we derive the expressions for the self en-
ergies, (5), (6), (7), (8). We consider the electrons scattered
off the randomly distributed scalar and magnetic impurities.
The 4×4 Gor’kov Green’s function Gˆ(k,ωn) is related to the
quasi-classical propagator via52
gˆ(k,ωn) =
∫ ∞
−∞
dξk
pi
iρ3σ0 Gˆ(k,ωn) , (A1)
In this representation the magnetic exchange interaction S ·σ
gives rise to the term S ·α present in the matrix of the impu-
rity part of the Hamiltonian presented in Eq. (2). The positions
of impurity sites and the orientation of the impurity spins are
statistically uncorrelated. Therefore we perform the averag-
ing over the impurity position and spin orientations indepen-
dently. This procedure leads to the the self-energy
Σˆ= n0∑
k1
[U0 (k−k1)ρ3σ0] Gˆ(k1,ωn) [U0 (k1−k)ρ3σ0]
+nm∑
k1
3
∑
j=1
S2j [J (k−k1)α j] Gˆ(k1,ωn) [J (k1−k)α j] , (A2)
where · · · denotes averaging over of all the magnetic impu-
rities. In writing Eq. (A2), we assumed that the covariance
matrix of spin components is diagonal, SiS j = 0 for i 6= j. The
resulting self-energy, Eq. (A2) is presented in Fig.7.
Using the relationship
∑
k
≈ N0
∫ ∞
−∞
dξk
∫ 2pi
0
dϕk
2pi
(A3)
and the definition of the matrices α which follows Eq. (2) we
rewrite (A2) as the sum of four contributions, Σˆ = Σˆ0 + Σˆ1 +
Σˆ2 + Σˆ3. The contribution of the short range scalar impurities
given by the first term of Eq. (A2),
Σˆ0 =−ipin0N0U20 ρ0σ0
∫ dϕk
2pi
∫ dξk
pi
iρ3σ0Gˆ(k,ωn)ρ3σ0
=−iΓ0ρ0σ0 〈gˆ(k,ωn)〉FSρ3σ0, (A4)
reproduces Eq. (5) with the scattering rate Γ0 defined in the
main text. The contribution of the x impurity spin-component
can be similarly obtained from the j = 1 term in Eq. (A2),
Σˆ1 =−ipinmN0J2S21ρ0σ1
∫ dϕk
2pi
∫ dξk
pi
iρ3σ0Gˆ(k,ωn)ρ3σ1
=−iΓ1ρ0σ1 〈gˆ(k,ωn)〉FSρ3σ1. (A5)
Equation (A5) coincides with (6) with the scattering rate Γ1
defined in the main text. The two remaining contribution to
the self energy, (A2) are similarly shown to reproduce Eqs. (7)
and (8).
For isotropic distribution of impurity spin orientations, S21 =
S22 = S
2
3, which leads to separate scattering rates to be equal,
Γ1 = Γ2 = Γ3 = 13Γm, where Γm is defined following Eq. (8).
In the general case of anisotropic spin distribution S21 + S
2
2 +
S23 = S(S+1) which leads to the relations, Γ1+Γ2+Γ3 = Γm.
The latter serves as a constraint on a separate scattering rates
imposed by the magnitude of impurity spin being constant.
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